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Abstract
We show that the crossing number of K4,n on the real projective plane is⌊n
3
⌋ [
2n − 3
(
1 +
⌊n
3
⌋)]
.
We also give an estimate for the crossing number of Km,n on the real projective plane.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In [1], Guy and Jenkyns showed that the crossing number of K3,n in the torus is
(n−3)2/12. They also obtained bounds for the crossing number of Km,n in the torus.
Later, Richter and Siran [2] generalized the result and computed the crossing number of
K3,n in an arbitrary surface.
In this article, we use an argument similar to that in [2] to ﬁnd the crossing number of
K4,n on the real projective plane. In addition, we apply a similar argument as in [1] to obtain
an estimate for the crossing number of Km,n on the real projective plane. In particular, we
prove the following
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Theorem 1.1. The crossing number of K4,n on the real projective plane is⌊n
3
⌋ [
2n − 3
(
1 +
⌊n
3
⌋)]
.
2. Deﬁnitions
The real projective plane, P 2, is a 2-manifold obtained by identifying every point of
the 2-sphere with its antipodal point. The complete bipartite graph Km,n is the graph with
vertex set V1 ∪ V2, where V1 ∩ V2 = ∅; |V1| = m and |V2| = n, and with edge set all pairs
of vertices with one element in V1 and the other in V2. The vertices in V1 will be denoted
by bi, bj , bk, . . . and the vertices in V2 will be denoted by ai, aj , ak, . . . . A drawing then
consists of an injective map f : V1 ∪ V2 → P 2, together with, for each edge e = {bi, aj },
a continuous injective mapping fe : [0, 1] → P 2, with Fe(0) = f (bi) and fe(1) = f (aj )
(or vice versa). The image under fe of the open interval (0, 1) is called an arc. Then a
drawing is good if no point of P 2 lies on at least three arcs, if for no vertex v the image
f (v) is on some arc of the drawing, and if only two arcs deﬁning four different vertices can
meet nontrivially, in which case they meet in exactly one point. A crossing is a nontrivial
intersection of two arcs.
Remark. Weoftenmake no distinction between a graph-theoretical object (such as a vertex,
or a edge) and its image under f and fe. Throughout this work, we have taken special care
to ensure that there will be no confusion.
In a drawing D of Km,n on P 2, we denote by crD(ai, ak) the number of crossings of
edges one of which is incident with a vertex ai and the other with a vertex aj , and by
crD(ai) the number of crossings on edges incident with ai :
crD(ai) =
n∑
k=1
crD(ai, ak).
For every good drawing it is clear that crD(ai, ai) = 0 for all i. We deﬁne the crossing
number of D, crP 2(D), to be
crP 2(D) =
n∑
i=1
n∑
k=i+1
crD(ai, ak).
From this, we have
crP 2(D) =
1
2
n∑
i=1
n∑
k=1
crD(ai, ak) = 12
n∑
i=1
crD(ai).
The crossing number of Km,n on P 2, crP 2(Km,n), is deﬁned to be the minimum cross-
ing number among all good drawings of Km,n on the real projective plane. Finally, let
f (n) = n3 [2n − 3(1 + n3 )].
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3. Some general remarks
In this section, we provide some general results which we will use to obtain the formula
for the crossing number of K4,n on P 2.
Note that, in a crossing-free drawing of a (connected) subgraph of Km,n, every circuit
has an even number of vertices, and in particular every region into which the arcs divide
the surface is bounded by an even circuit. So if tj is the number of regions with j bounding
arcs, F the number of regions, E the number of arcs, and V the number of vertices, then
tj = 0 if j is odd, F = t4 + t6 + t8 + · · · , and 2E = 4t4 + 6t6 + 8t8 + · · · , and by the
Euler’s formula for P 2,
V 1 + E − F , (1)
V 1 + t4 + 2t6 + 3t8 + · · · 1 + F . (2)
Suppose we have an optimal drawing of Km,n on P 2, i.e., one with crP 2(Km,n) crossings,
and that by removing crP 2(Km,n) edges, a crossing-free drawing is produced. Then (1)
and (2) give E − V = (mn − crP 2(Km,n)) − (m + n)F − 1V − 2 = m + n − 2, so
crP 2(Km,n)mn − 2(m + n) + 2. In particular,
crP 2(K4,n)2n − 6. (3)
Fig. 1 and Eq. (3) give
crP 2(K4,n) = f (n), n4. (4)
Lemma 3.1. Let m, n, h be positive integers such that Km,h embeds in P 2. Then
crP 2(Km,n)
1
2
⌊n
h
⌋ [
2n − h
(
1 +
⌊n
h
⌋)] ⌊m
2
⌋⌊m − 1
2
⌋
.
The proof can be found in [2].
Fig. 1.
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Fig. 2.
Lemma 3.2. crP 2(K4,n)f (n).
Proof. Since crP 2(K4,3) = 0 by (4), taking m = 4 and h = 3 in Lemma 3.1, we obtain the
result. 
Lemma 3.3. crP 2(K4,n) = f (n) for n6.
Proof. By (4), this is true for n4. By Lemma 3.2 and (3), this is also true for
5n6. 
Lemma 3.4. If D is a drawing of Km,n in  such that, for some k <n, some Km,k is
optimally drawn in , then
cr(D)cr(Km,k) + (n − k)(cr(Km,k+1) − cr(Km,k)) + cr(Km,n−k).
The proof can also be found in [2]. In the proof of Theorem 1.1 we will also need the
following:
Lemma 3.5. Suppose D is a drawing of K4,6 in P 2 such that no K4,3 is drawn without
crossings and crD(a1, ai)=0 for all i5 and crD(ai, aj )1 for all i, j5. If crD(a1, a6)=
0, then crD(ai, a6)> 1 for some i. If crD(a6, ai) = 0 for i = 1, then crD(a6, a1)2.
Proof. In the drawings accompanying all our arguments, we will use and • to denote the
vertices in V1 and V2, respectively. Moreover, the edges of the graph are denoted by thick
lines. Note that P 2 can be viewed as a square with its opposite sides identiﬁed. Since D is
a good drawing, by deformation of the edges without changing the crossings and renaming
the vertices if necessary, we can assume that the edges which are incident with a1 and
b1, b2, b3, b4 are drawn as in Fig. 2. Since crD(a1, a2) = 0, by deformation of the edges
without changing the crossings, we can assume that the edge a2b1 is drawn as in Fig. 3.
Now consider the edge a2b2. If a2b2 can be drawn without intersecting the sides of the
square by deformation without changing the crossings, then D can be drawn in two ways
as in Figs. 4(i) and (ii). If a2b2 cannot be drawn without intersecting the sides of the square
by deformation without changing the crossings, then it must pass through one of the sides
of the square. Without loss of generality, we assume it passes through the left side of the
square. If an edge of the graph intersects the sides of the square more than once, we can
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Fig. 3.
Fig. 4.
Fig. 5.
always deform the graph such that the edge of the graph only intersects the square exactly
once. By further deformation, we can assume that D is drawn as in Fig. 4(iii).
We leave the cases 5(i) and (ii) to the reader and elaborate on 5(iii), where we see that
there are two ways such that a2 is adjacent to b3 and b4 (up to renaming vertices), as drawn
in Figs. 5(i) and (ii).
We leave the case of Fig. 5(i) to the reader.
In Fig. 5(ii), since crD(a3, a2)1 and crD(a1, a2) = 0, the only region in which a3 can
be located is I. If a3 is located in region I, then a3b4 must have crossing. There are two
possible cases: (I) a3b4 cross a2b3 (II) a3b4 cross a2b2. If (I) occurs, then no more edges
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Fig. 6.
Fig. 7.
incident with a3 cross the edges incident a2. Then Fig. 5(ii) becomes Figs. 6 (i) or (iii).
If (II) occurs, then no more edges incident with a3 cross the edges incident with a2. Then
Fig. 5(ii) becomes Figs. 6(ii) or (iv).
We leave the cases of Figs. 6(i), (ii) and (iii) to the reader.
In Fig. 6(iv), the only region in which a4 can be drawn is I. If a4 is drawn in I, then a4b4
must have a crossing. Since crD(ai, a4)1 for i5 and crD(a1, a4)=0, a4b4 crosses a2b3
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Fig. 8.
and no more edges incident with a4 cross the edges incident with a2. If a4b1 does not cross
a3b3, by renaming the vertices a3 and a4, Fig. 6(iv) becomes Fig. 7(i). If a4b1 crosses a3b3,
by renaming the vertices a3 and a4, Fig. 6(iv) becomes Fig. 7(ii).
We leave the case of Fig. 7(i) to the reader.
In Fig. 7(ii), under our assumption, the only region where a5 can be drawn is I. If a5 is
drawn in I, then each of the a5b3 and a5b4 have a crossing. Since crD(ai, a5)1 for i5
and crD(a1, a5) = 0, a5b3 crosses a3b4 and a5b4 crosses a2b3. By renaming the vertices
a3, a4 and a5, Fig. 7(ii) becomes Fig. 8.
But in Fig. 8, no matter where a6 is located, the result follows. 
4. Proof of Theorem 1.1
The proof of Theorem 1.1 is by induction on n. The base of the induction is n6 and
has been obtained in Lemma 3.3.
Now, consider n7. By Lemma 3.2, we only need to show crP 2(K4,n)f (n). For the
inductive step, we will consider two cases. LetD be a drawing ofK4,n in P 2. The two cases
will depend on whether there is a K4,3 of D drawn without crossings, or not.
In the ﬁrst case, where we assume that there exists a K4,3 of D drawn without crossings,
we apply Lemma 3.4 with m= 4 and k = 3. From Lemma 3.3, we have crP 2(K4,4)= 2 and
by inductive assumption, crP 2(K4,n−3) = f (n − 3). Let n = 3q + r . Thus, the number of
crossings in D is at least
2(n − 3) + f (n − 3) = 2(n − 3) +
⌊
n − 3
3
⌋[
2(n − 3) − 3
(
1 +
⌊
n − 3
3
⌋)]
= 3q2 − 3q + 2rq,
which is f (n). Since
f (n) =
⌊n
3
⌋ [
2n − 3
(
1 +
⌊n
3
⌋)]
= q(2(3q + r) − 3(1 + q))
= 3q2 − 3q + 2rq. (5)
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In the second case, D is a drawing of K4,n in P 2 such that no K4,3 is drawn without
crossings. NowK4,n contains n subgraphsK4,n−1, each of which contains at least f (n−1)
crossings by induction hypothesis. A crossing arises from two of the n vertices, so a crossing
will have been counted n − 2 times. Hence
crP 2(D)
n
n − 2crP 2(K4,n−1) =
n
n − 2f (n − 1). (6)
Since by (5)
f (n) =
⎧⎪⎨⎪⎩
q(3q − 3) if n = 3q,
q(3q − 1) if n = 3q + 1,
q(3q + 1) if n = 3q + 2,
then by (6) , we have
crP 2(D)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
q(3q − 1) − 4
3
− 4
3(3q − 1) if n − 1 = 3q,
q(3q + 1) − 2
3
if n − 1 = 3q + 1,
q(3q + 3) if n − 1 = 3q + 2.
(7)
Since the crossing number is an integer, if n − 1 = 3q + 1 or 3q + 2, we have ﬁnished.
Therefore, we only need to consider the case n − 1 = 3q.
In the following, we always assume that n − 1 = 3q. Since n7, we have q2. Then
by (7), we have crP 2(D)q(3q − 1) − 1. Suppose crP 2(K4,n) = q(3q − 1) − 1. Let D
be a drawing of K4,n on P 2 with crossing number q(3q − 1) − 1. D has no K4,3 is drawn
without crossings, otherwise, by our argument in the ﬁrst case, the crossing number of D
is at least q(3q − 1).
Denote the drawing of K4,n−1 by deleting the vertex ai in the drawing of D by D − ai .
Then by induction, crP 2(D − ai)f (n − 1) for 1 in. Therefore, crD(ai) + crP 2(D −
ai) = crP 2(D) implies that
crD(ai)f (n) − 1 − f (n − 1) = 2q − 1. (8)
First consider q = 2. Then n = 7. By deﬁnition,
7∑
i=1
7∑
j=1
crD(ai, aj ) = 2crP 2(D) = 2(f (7) − 1) = 18. (9)
Nowconsider a 7×7matrixA such that (A)ij=crD(ai, aj ). By the properties of crD(ai, aj ),
(8) and (9), A is a 7 × 7 symmetric matrix whose entries are non-negative integers and
diagonal entries are zero. Also, the sum of each row and each column (sinceA is symmetric)
is at most 3, and the sum of all entries is exactly 18. We will prove the following
Lemma 4.1. SupposeA is a 7×7 symmetric matrix whose entries are nonnegative integers
and diagonal entries are zero. Suppose also that the sum of each row is at most 3 and the
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sum of all entries is exactly 18. Then either A contains a zero 3 × 3 submatrix of the form(
Ai1i1 Ai1i2 Ai1i3
Ai2i1 Ai2i2 Ai2i3
Ai3i1 Ai3i2 Ai3i3
)
, (10)
or A is, up to a permutation of the rows and columns, equal to
M =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
0 1 1 1 0 0 0
1 0 1 1 0 0 0
1 1 0 1 0 0 0
1 1 1 0 0 0 0
0 0 0 0 0 1 1
0 0 0 0 1 0 1
0 0 0 0 1 1 0
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Proof. Clearly we may assume that all nonzero entries of A are equal to 1, if we relax the
condition of the sum of all entries being equal to 18 to the sum of all entries is at most 18.
Now conceive A as the adjacency matrix of a graph G with 7 vertices a1, a2, . . . , a7.
Each vertex has valency at most 3. Suppose that A has no zero 3× 3 submatrix of the given
form. Then G has no cocliques of size 3. It is well known that every graph with six vertices
has either a coclique of size 3, or a clique of that size (the Ramsey number R3,3 is equal to
6). Hence our assumption implies that the graphG\{a7} has a triangle, say a1, a2, a3 form a
clique. Also the graph G\{a1} has a triangle. Suppose ﬁrst that this triangle is disjoint from
{a1, a2, a3}. Without loss of generality, we may suppose that {a5, a6, a7} is a clique. If a4
is not connected to all of {a1, a2, a3} (say it is not connected to a1) , or to all of {a5, a6, a7}
(say it is not connected to a5), then there is a coclique of size 3, namely {a1, a4, a5}. Hence
we obtain essentially the matrix M. Hence we may assume that the graph G\{a1} contains
a triangle with vertex a3. Since the valency of a3 is at most 3, this triangle must also contain
the vertex a2. Hence we may assume that {a2, a3, a4} is a triangle. Similarly, in G\{a2}, the
vertices a1, a3, a4 must form a clique, and inG\{a3}, the set {a1, a2, a4} is a triangle. Hence
{a1, a2, a3, a4} is a clique of size 4. If {a5, a6} is not an edge, then {a1, a5, a6} is a coclique,
contradicting our assumption. So {a5, a6} is an edge, and similarly {a5, a7} and a6, a7 are
edges. There can be no more edges, and we obtain again the matrix M as adjacency matrix.
Lemma 4.1 is proved. 
Since it is impossible for A=M by Lemma 3.5, by Lemma 4.1, there exist three vertices
ai1 , ai2 , ai3 such that the K4,3 which contains ai1 , ai2 , ai3 is drawn without crossings. How-
ever, we have assumed that there is noK4,3 ofD drawnwithout crossings. This contradiction
ﬁnishes the proof of Theorem 1.1 for n = 7.
Now consider q3. Then similar to (6), we derive
crP 2(K4,n+1)
n + 1
n − 1crP 2(K4,n)
= n + 1
n − 1 (q(3q − 1) − 1)
= q(3q + 1) − 5
3
− 2
3q
.
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Since the crossing number is an integer, we have
crP 2(K4,n+1)q(3q + 1) − 1. (11)
Suppose there is a drawing D of K4,n+1 on P 2 such that its crossing number is q(3q −
1) − 1. Let ai0 be the vertex such that crD(ai0) is minimum. Then we draw a new vertex
an+1 near the vertex ai0 . Put V1 = {b1, b2, b3, b4}. Then by drawing an+1bj close to ai0bj ,
we obtain a drawing of K4,n+1 on P 2, denote it by D′.
In D′, the total number of crossings of the edges with one of the vertices incident with
an+1 and the other incident with aj where j = i0 is exactly crD(ai0) and the number of
crossings of the edges with one of the vertices incident an+1, the other with ai0 is at most
2. Therefore, the crossing number of D′ is at most crP 2(D) + 2 + crD(ai0) = q(3q − 1) +
1 + min1 incrD(ai) which is at least q(3q + 1) − 1 by (11). Therefore, we have
min
1 in
crD(ai)2q − 2. (12)
By (8) and (12), we have crD(ai) = 2q − 2 or 2q − 1. Let t be the number of vertices
ai such that crD(ai) = 2q − 2. Then the number of vertices ai such that crD(ai) = 2q − 1
is n − t . By deﬁnition, 12
∑n
i=1crD(ai) = crP 2(D) = q(3q − 1) − 1 which implies (2q −
2)t + (2q − 1)(n − t) = 2q(3q − 1) − 2. Solving for t implies the numbers of ai such
that crD(ai) = 2q − 2 and crD(ai) = 2q − 1 are q + 1 and 2q, respectively. By renaming
the vertices, we may assume that crD(ai) = 2q − 1 for i2q and crD(ai) = 2q − 2
for i > 2q.
Suppose that crD(ai, aj )1 for 1 i, j2q and i = j . Then crD(ai, aj ) = 1 for
1 i, j2q and i = j and crD(ai, al) = 0 for all i2q and l > 2q (Otherwise, the
sum of the ith row is greater than 2q − 1). Consider the drawing D˜ of K4,6 in D which
contains the vertices a1, a2, a3, a4, a5, an. We see that crD˜(ai, aj ) = 1 for all i, j5
and i = j and crD˜(ai, an) = 0 for all i5. However, by Lemma 3.5, this is
impossible.
Hence crD(ai, aj )=0 for some1 i, j2q and i = j .Wemay suppose that crD(a1, a2)=
0. Denote the drawing of K4,n−1 by deleting the vertices a1 in D by D − {a1}. In the
drawing D − {a1}, the number of crossings on edges which incident with a2 is 2q − 1.
Denote the drawing of K4,n−2 by deleting the vertices a1 and a2 by D − {a1, a2}. Then
crP 2(D − {a1, a2}) = q(3q − 1) − 1 − 2(2q − 1) = 3q2 − 5q + 1. But this is a contradic-
tion since by the induction assumption, the number of crossing of D − {a1, a2} is at least
crP 2(K4,n−2) = f (n − 2) = 3q2 − 5q + 2.
5. An estimate for crossing number of Km,n
In this section, we apply arguments similar to those in [1] to obtain an upper bound and
a lower bound for the crossing number of Km,n in P 2.
If pm and qn, then Km,n contains
(
m
p
) (
n
q
)
subgraphs Kp,q . If we count the mini-
mum number of crossings in these, noting that each crossing arises from just two vertices
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among the m and just two among the n, so that it is counted
(
m−2
p−2
) (
n−2
q−2
)
times,
crP 2(Km,n)
(
m
p
)(
n
q
)
crP 2(Kp,q)
/(
m − 2
p − 2
)(
n − 2
q − 2
)
,
crP 2(Km,n)
mn(m − 1)(n − 1)
pq(p − 1)(q − 1) crP 2(Kp,q). (13)
Theorem 5.1. crP 2(Km,n) 16
(
m
2
) n3 {2n − 3(1 + n3 )} for m4.
Proof. By taking p = 4 and q = n in (13), the result follows. 
Theorem 5.2. crP 2(Km,n) 12n2 [2n − 2(1 + n2 )]m2 m−12 .
Proof. It is clear that Km,2 embeds in P 2. By putting h = 2 in Lemma 3.1, we obtain the
result. 
By Theorems 5.1 and 5.2, we have
1
9
(
m
2
)(
n − 2
2
)
crP 2(Km,n)
1
4
(
m
2
)(
n
2
)
for m4. In [1], it has been shown that the toroidal crossing number of Km,n lies between
1
15
(
m
2
) (
n
2
)
and 16
(
m−1
2
) (
n−1
2
)
for sufﬁciently large m and n. It is apparent that we have
obtained analogous estimates for the real projective plane.
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